SERIES

INFINITE SERIES: An Infinite Series of real numbers is the sum of an
infinite sequence of real numbers.

If {an} is an infinite sequence of real numbers, then the expression
a1+ Ay + A3 F e, F Ant e is called an Infinite

series denoted by }.7°_; a,,.

a, is called the n™ term of the Infinite Series.

Ex1:
1 11 1 . e
{ant===1,=,=, =, e is an infinite sequence. then
n 2°3°4
1 1 1 1 . . :
Yr1= =1+ o4 S+ =+ e is an infinite Series
n 2 3 4

formed by the above infinite sequence.
Ex2:

fan}=(—-1 )"+1 =1, -1,1, -1, 1, -1,....... is an infinite sequence
and Y2_ (—=1)™ =1 +(-1)+ 1+ (-1) + e is an infinite series

formed by the above infinite sequence.

Convergence and Divergence of a Series:

If the sum of an infinite series is a finite value L, then we say that
the series converges to L. if the sum of an infinite series is not a finite
value, then we say that the series diverges.

1 11 1 e :
Y i==1+5+=+ =+ Is an infinite series.
n nZ

22 32 42 T s
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Sn=1+ =+ = + L, ~ is called the " partial sum of the

Methods to Check the Convergence of Series:

The Series )., a,, converges if the Sequence of n'" partial sums { s, }
Converges.

Ex:
. n . P .
Ym=11n (n+1 ) is an infinite series.
th . _on k
n" partial sum S, =} _;In (=7)

=>r_q[Ink —In(k +1)]

=(In1=1n2) + (In2 = In3) + ............ (Inn —In(n+1))
=In1 - In(n+1)
Sn =-In(n+1)

lim S, = lim -In(n+1) = -eo

n—eoo n—oeo

Thus, the sequence of n' partial sums of the series diverges. Therefore

the given series ), 7_1In (nn?) diverges.

Geometric Series test:
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If the given series is in the form

Y ar*l=a+ar+ar?+... +ar™ e,

In which a and r are the fixed real numbers and a # 0. Then the series is
called a “ Geometric Series ”.

The Geometric Series ). "—1 ar™ 1 or Y ar®

1. Converges tolaTr if |r| <1.

2. Divergesif |r| > 1.

n'" Term test:

Ym—q a, diverges if lim a, # 0 or fails to exists.

n—ooeo

Note: if lim a, = 0 , then we cannot say that the series converges.

n—oeo

1. If ) a,, = A and ), b, = B are convergent Series, then ).(a,, + b,,)
=A+Band),(a, — b,)=A-Band) ka, =KkA.
That means, the Sum and Difference of two convergent series are
also convergent and non zero constant multiple of a convergent
series is also convergent.
2. Every non — zero constant multiple of a divergent series is
divergent.
3. If one of the series ), a, and ), b, coneverges and the other
diverges then },(a, + b,)) and };(a,, — b,) diverge.
4. If Y, a, and ) b,both divergent series, then }(a, + b,) and
Y.( a, — b,) can converge.
Ex: Y a,=1+1+1+1+ . i, diverges to oo
Yb,=-1+4+-1+-1 +-1+ . divereges to -oo
Y(a,+ b,)=(1-1)+(1-1) +(1-1) + .........
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=0+04+0+0+ e, converges to 0.
Here, ).a, and )b, both divergent series but }.(a, + b,)
convergent series.

Note: Addition or deletion of a finite number of terms from a series
will not alter its convergence or divergence.

Integral Test:

Let { a, } be a sequence of positive terms. Suppose a, = f(n), where fis
continuous, positive valued decreasing function of x for x = N, where N
is a natural number.

Then the series }..°_; a,, and f]\(;o f(x) dx both converge or both

diverge.

P — Series test:

. 1 :
The series Yy—1— =1+ — + — + —+ ., Where P is a real
n

constant, converges if P > 1 and diverges if P < 1.

1 1 : :
Ex: ), - D Zare divergent series.

1 1 1 ¢ seri
D > Zn—3 P L e are convergent series.

Logarithmic P — Series test:

LN SRS SR
n(nn)P  2(In2)P  3(n3)P  4(In4)P
a real constant, converges if p > 1 and diverges if p < 1.

The series )70, + .ocveenee. Where pis

Comparison test:
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Let ) a,, be a series with non — negative terms.

1. ). a, converges if and only if there is a convergent series )’ ¢,
with a, < c, for all n 2N, for some natural number N.

2. ). a, diverges if there is a divergent series ), d,, with a, > d, for all
n > N, for some natural number N.

The Limit comparison Test:

Y.a,and ) b, be series and a, >0, b, >0, foralln >N, for some natural
number N.

1. If lim = = ¢ > 0 then Y a,and Y b, both converge or both

n—oeoo n

diverge.

2. If lim=" = 0 and } b, converges, then ¥ a,, converges.

n—oo Un

3.If lim== = e and Y b, diverges, then ¥, a, diverges.

n—oo Un

Note:

Choose ), b,, as a geometric series like ), zin , 0 gin , 0 %n ) eeeeeresnrennes Or
P - series like Z% ) n—lz , O n—13 , 0. % R etc. for the limit comparison
test. ( numerator of ), b,;should be 1)

The Ratio Test:

Let ), a, be a series with positive terms and suppose that lim Intl o,

n—eo apn

then

1. The series converges if [ < 1.
2. The series diverges if [ > 1 or Lis infinite.
3. The test is inconclusive if [ = 1.
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Note:

The Ratio test is effective when the terms of a series contain factorial

expressions involving n or expressions raised to a power of n.For

2" L2454 (n!)?
example Y. —, > ——, X, (2(:!))

etc.

The Root Test:

Let ) a, be a series with a, 2 0 for n > M, for some natural number M
and suppose that lim ’/a,, = [. then

n-—oeo

1. The series converges if [ < 1.
2. The series diverges if [ > 1 or L is infinite.
3. The test is inconclusive if [ = 1.

Alternating Series:

A series in which the terms are alternately positive and negative is
called an “ Alternating Series ”.

DM D4

Ex: ), , D,

n 2n

, etc.

The Alternating Series Test: ( Leibniz’s Theorem )

The alternating series Z(—l)n+1 A, =a;—ay+az—ag+ ... converges if

1. a, >0foralln €N
2. a,2a,,q foralln €N
3. lima, =0.

n—ooeo

: : : —1ntl
Ex: The alternating harmonic series Z% convergent.
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Absolute Convergence:

A series ) a, converges Absolutely if the corresponding series of
absolute values, ) |a,, | converges.

Note: Every absolutely convergent series is convergent. Means if
Y. |a,, | converges then ), a,, also converges.

Conditional Convergence:

A series converges conditionally if it converges but does not converges
absolutely. that means ); a,, converges but }; |a,, | diverges.

: : . —1)ntl s
Ex: The alternating harmonic series ); (1) converges conditionally.
Z a, Yla, | Then the series is
Y. a, convergent Y |a, | convergent Absolutely Convergent
). a,, convergent Y. |a, |divergent Conditionally Convergent
Y. a, divergent Y. |a, | divergent
Note:

1. If ). |a, | converges then )’ a,, converges.
2. If . a,, diverges then ). |a,, | diverges.

The alternating P — Series Test:

—1)n+l 1 1 1
(=1 =]l-—+—-—+
nb 2p 3p 4P

The alternating p — series ),

1. Convergesifp>0
2. Converges absolutely if p > 1
3. Converges conditionally if 0<p < 1.
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The Ratio Test:

Let ), a, be a series of real numbers with an # 0, for all n and suppose
that lim |%| = I. then

n—oo

1. The series converges absolutely if [ < 1.
2. The series diverges if | > 1 or [ is infinite.
3. The test is inconclusive if [ = 1.

The Root Test:

Let Y a, be a series of real numbers and suppose that lim %/|a,| = L.

n—oeo

then

1. The series converges absolutely if [ < 1.
2. The series diverges if [ > 1 or L is infinite.
3. The test is inconclusive if [ = 1.

The Power Series:

Let a be given real number and x be a real variable. A power series in
X — a or a power series centered at a or a power series about a is a
series of the form

Y% sa,(x —a)*=apg+a;(x —a)+a, (x —a)® +....a, (x —a)*+..
Where a,’s are constants called coefficients of the series.
Note:

1. The power series Yo —o @, (x — a)™ may converges at exactly at x
= a.
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2. The power series Y, —_oa,(x —a)" may converges in some
interval with radius R where a is the centre of that interval.

3. The power series Y, —g a, (x —a)™ may converges for the values
of x at everywhere on the real line.

Radius of Convergence:

1. If a power series ).;,_oa,(x —a)™ converges in some interval
(p,q) where ‘a’ is the centre, then the radius of the convergence
is the half of the distance from p to q on the real line.

2. If a power series )., @,(x — a)™ converges exactly at a, then
the radius of convergence is zero.

3. If a power series ),y a,(x — a)™ converges for the values of x
at everywhere on the real line, then the radius of the
convergence is oo,

Term by Term Differentiation:

The power series Y.y a,,(x — a)™ converges to Some function f(x) in
someintervala — R < x < a + R, we can write it as

flx) = YXr_pa,(x—a)" wherea—R<x<a+R
By the term by term Differentiation theorem,
fx) = Yo pa,(x—a)" wherea—R<x<a+R
flx) = ¥ gna,(x —a)* ! wherea—R<x<a+R
1) = ¥ n(n—1a,(x —a)* 2 wherea—R<x<a+R

And so on. It means that the derivatives of the power series

Y=o @n (x — @)are Xo_gna, (x — )" L 7o n(n — Da, (x — a)"
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......... are also convergent series and converge to f! (x) , fIl (%), ........
respectively in the sameintervala — R < x < a + R.

Term by Term Integration:

The power series Y.._y a,, (x — a)™ converges to Some function f(x) in
someintervala — R < x < a + R, we can write it as

fx) = Yr_pa,(x —a)" wherea—R<x<a+R
By the term by term Integration theorem,
fx) = Yooa,(x —a)® wherea—R<x<a+R

(x_a)n-l-l
n+1

[(J £O0) dx) dx =55 ay -

And so on. It means that the integrals of the power series

+1 n+2
oo n 1) (x—a)™ o) 1 (x—a)
_na,(X —a) are —_na + C —_na
Zn=0 n( ) Zn=0 An n+1 ) Zn=0 A n+l n+2

......... are also convergent series and converge to [ f(x) dx ,
[([ f(x)dx)dx ... respectively in the same interval a — R < x <
a+R.

+C wherea— R<x<a+R

Jf()dx= E7-pay

1 (x_a)n-l-Z
+1

+Cwherea— R<x<a+R

+C

Tavlor Series:

Let f be a function with derivatives of all orders throughout some
interval containing a as an interior point. Then the Taylor Series
generated by fatx = a is

Z}iofkk(!a) (x — a)k = f(a) + f'(a)(x —a) + fl;(!a) (x — a)2 oo
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By Using the Taylor series formula, we can find a power series to a
given function f(x) by at given real number a.

Maclaurin Series:

If we take the real number a = 0 in the above Taylor Series, then the
taylor series becomes as

520 B0 (ot = f@) + 1O + B2 102 4+ LD () 4

It is called a “ Maclaurin Series”.

Tavlor Polynomial:

From the Taylor Series Formula,

32019 (x— @) = (@) + Fl@@ - @) + D (x = )2 + .

We can write the Taylor Polynomials as

Polynomial of Order 1is P; = f(a) + f(a)(x — a)

I
Polynomial of Order 2 is P, = f(a) + f(a)(x — a) + fz('a) (x — a)?
I
Polynomial of Order 3 is P; = f(a) + f!(a)(x — a) + fz—('a) (x —a)? +
I
3!
General form of Taylor polynomial of Order n is
Il n
P,=f(a)+fl(a)(x — a) + fz(la) (X — @)% e fn('a) (x —a)™.
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Note:

We can use these Taylor polynomials to get approximate value of the
function f(x) at given real number a.

Tavlor Formula:

By mentioned in the above note, we can estimate the value of function
f(x) at given real number a by using the Taylor Polynomials. But the
polynomials will not give the exact value of the function and some error
R, exists.

Suppose, if we are estimating the function f(x) value at a by using the
Taylor Polynomial of order 1 that is P;, then there will be some error
R;{. We can write it as

fx)= P+ Ry

Suppose, if we are estimating the function f(x) value at a by using the
Taylor Polynomial of order 2 that is P, , then there will be some error
R,. We can write it as

f(x)= P+ Ry
In the same way, we can write the general formula as
f(x) = Pp+ R,

Where P, is the Taylor Polynomial of Order n and R,, is the estimating

error. The above formula is called the “ Taylor Formula ” .
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In the Taylor Formula,
f(x)= P, + R,
If n & oo then R,, & 0 ( The estimating error will become Zero ) and

P, will become the Taylor Series formula. ( The Taylor Polynomial Order
n will become the Taylor Series Formulaasn — o0 ).

A long as we have memonies,
yedlenday rnemains.
A long as we have hospe,
lomorion awacts,
A long as we have riendotiis,
eact day b wever a wadte. /

Jaya Krishna Reddy. M.
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